Let (M, ω) be a compact symplectic manifold of dimension 2n endowed with a Hamiltonian circle action with only isolated fixed points. Whenever M admits a toric 1-skeleton S, which is a special collection of embedded 2-spheres in M , we define the notion of equivariant pseudo-index of S: this is the minimum of the evaluation of the first Chern class c 1 on the spheres of S. This can be seen as the analog in this category of the notion of pseudo-index for complex Fano varieties. In this paper we provide upper bounds for the equivariant pseudo-index. In particular, when the even Betti numbers of M are unimodal, we prove that it is at most n + 1 . Moreover, when it is exactly n + 1, M must be homotopically equivalent to CP n .
Introduction
In the field of algebraic geometry there are various known characterizations of the projective space. Let X be a smooth complex projective variety of complex dimension n. The variety X is called Fano, if its anticanonical line bundle −K X is ample. The pseudo-index of X is defined as ι X = min {c 1 (−K X )[C] | C ⊂ X is a rational curve} , where c 1 (−K X ) is the first Chern class of −K X . It is known that the pseudo-index ι X is less or equal to n + 1 (see [14] ). It is natural to ask whether one can characterize a smooth Fano variety with maximal pseudo-index. The following was a conjecture by Mori and it was proven by Cho, Miyaoka and Shepherd-Barron. If the pseudo-index ι X is equal to n + 1, then X is isomorphic to CP n .
The goal of this article is to investigate analogous questions for symplectic manifolds. More precisely, let (M, ω) be a symplectic manifold. It is known that M admits an almost complex structure J which is compatible with ω, i.e. ω(·, J·) is a Riemannian metric. Moreover, the space of such structures is contractible. Hence, we can define complex invariants of the tangent bundle T M, for instance Chern classes. Let in particular c 1 be the first Chern class of T M. In analogy with the pseudo-index of a complex variety we define the pseudo-index of (M, ω) to be ρ M = inf {c 1 [S] | S is a symplecticly embedded 2-sphere in M} . Question 1.2. Let (M, ω) be a compact connected symplectic manifold of (real) dimension 2n. (a) Is n + 1 an upper bound for ρ M ? (b) Does ρ M = n + 1 imply that M is homotopy equivalent/ diffeomorphic / symplectomorphic 1 to CP n ?
In this paper we investigate the previous questions when the symplectic manifold is endowed with a Hamiltonian S 1 -action. So let (M, ω) be a symplectic manifold of real dimension 2n that can be endowed with a symplectic S 1 -action. The S 1 -action is called Hamiltonian if there exists a smooth map ψ : M → R, such that dψ = −ι ξ ω, where ξ is the vector field on M generated by the S 1 -action. The map ψ is called moment map and its set of critical points coincides with the set of fixed points M S 1 of the action. Definition 1.3. Let (M, ω) and ψ : M → R be as above. We call the triple (M, ω, ψ) a Hamiltonian S 1 -space, if the set of fixed points M S 1 is finite and the manifold M is compact and connected.
In this category we introduce the notion of equivariant pseudo-index. To define this we need the existence of a so called toric 1-skeleton, as defined by Godinho, Sabatini and von Heymann in [7] . We recall that a toric 1-skeleton of a Hamiltonian S 1 -space (M, ω, ψ) of dimension 2n is a collection S of S 1 -invariant symplecticly embedded 2-spheres in M, such that the Poincaré dual to their class in homology is the Chern class c n−1 (see Definition 2.8). In [7] the authors give various conditions for the existence of a toric 1-skeleton and remark that there are no known examples of Hamiltonian S 1 -spaces that do not admit a toric 1-skeleton. Whenever (M, ω, ψ) admits a toric 1-skeleton S, we define its equivariant pseudo-index by
We focus on the case when the vector of even Betti numbers of M is unimodal i.e.
. Note that this assumption is not very restrictive. For example, the vector of even Betti numbers of a Hamiltonian S 1 -space is unimodal, if the corresponding moment map is index increasing [5] .
We prove the following upper bound for the equivariant pseudo-index. Proposition 1.4. Let (M, ω, ψ) be a Hamiltonian S 1 -space of dimension 2n, such that the vector of even Betti numbers of M is unimodal. If (M, ω, ψ) admits a toric 1-skeleton S, then the equivariant pseudo-index of ρ S 1 M (S) is less or equal to n + 1. Since the equivariant pseudo-index of a toric 1-skeleton is an upper bound for the pseudo-index, Proposition 1.4 answers Question 1.2 (a) for Hamiltonian S 1 -spaces when there exists a toric 1-skeleton and the vector of even Betti numbers is unimodal.
Moreover, let (M, ω, ψ) be a Hamiltonian S 1 -space and J an almost complex structure compatible with ω which is also S 1 -invariant. Hence for a fixed point P ∈ M S 1 , we have a linear representation of S 1 on (T P M, J P ) ≃ C n . There exist complex coordinates (z 1 , . . . , z n ) for (T P M, J P ), such that the S 1 -representation is given by
where a 1 , . . . , a n are non-zero integers. These integers are called the weights of the S 1 -action at P . The fixed point P is a non-degenerate critical point of the moment map ψ, whose (Morse-)index is equal to twice the number of negative weights at P . Hence, ψ : M → R is a Morse-function with critical points of just even index. So the odd Betti numbers of M are all equal to zero and the 2i-th Betti number is equal to the number fixed points with precisely i negative weights. This implies that A Hamiltonian S 1 -space (M, ω, ψ) of dimension 2n has at least n + 1 fixed points and if the number of fixed points is minimal then M has the same Betti numbers as CP n .
where m 0 , . . . , m n ∈ Z. The action has only isolated fixed points if and only if these integers are pairwise different. In this case the fixed points are
(1 at the j-th factor and 0 ≤ j ≤ n) and the set of weights a the fixed point P j is {m i − m j } i =j .
The main results of this paper are stated in the following theorems. Theorem 1.6. Let (M, ω, ψ) be a Hamiltonian S 1 -space of dimension 2n which admits a toric 1-skeleton S with equivariant pseudo-index ρ S 1 M (S) = n + 1. Assume that n ≤ 5 or the even Betti numbers of M are unimodal. Then M has the same Betti numbers as CP n and the S 1 -representations at the fixed points are the same as those of a standard
We prove that Theorem 1.6 has the following stronger consequence, which answers Question 1.2 (b). Theorem 1.7. Under the hypotheses of Theorem 1.6, M is homotopy equivalent to CP n .
In low dimension the results are stronger. Namely, by Karshon's classification of Hamiltonian S 1 -spaces of dimension 4 ( [11] ) and by a theorem of Wall for six-dimensional manifolds ( [17] ), we obtain the following corollary. Corollary 1.8. Let (M, ω, ψ) be a Hamiltonian S 1 -space of dimension 2n which admits a toric 1-skeleton S with equivariant pseudo-index ρ
, where ω F S is the FubiniStudy symplectic form on CP 2 and r is a positive constant.
Here is a brief overview of the structure of this paper. In Section 2 we review some important results needed in this work and explain the relation between the Betti numbers and the equivariant pseudo-index. In Section 3 we discuss upper bounds for the equivariant pseudo-index. In the last sections we prove Theorem 1.6 and 1.7 .
Background material
In this section we briefly review some background material needed in the following sections.
Equivariant Cohomology
(We refer to [1] and [8] for an extensive introduction to equivariant cohomology.)
Let S ∞ be the unit sphere in C ∞ . Up to homotopy equivalence S ∞ is the only contractible space on which S 1 acts freely. Now let M be a manifold endowed with a smooth S 1 -action. In the Borel-model the S 1 -equivariant cohomology of M is defined as follows. The diagonal action of
where R is the coefficient ring. Let M S 1 be the set of fixed points and assume it is not empty. Let F be one of its connected components. The inclusion map
which can be seen as integration along the fibers. So we denote it by M . The following theorem, due to Atiyah-Bott and Berline-Vergne (see [1] , [3] ) gives a formula for the map M in terms of fixed point set data.
Theorem 2.1. (ABBV Localization formula) Let M be a compact oriented manifold endowed with a smooth
where the sum runs over all connected components F of M S 1 and e S 1 (N F ) is the equivariant Euler class of the normal bundle N F to F .
In particular, if
where ω i1 , . . . , ω in are the weights 3 of the S 1 -representation on T P i M. Hence, if the set of fixed points is isolated we have the following corollary.
Corollary 2.2. Let M be a compact oriented manifold endowed with a smooth
where ω i1 , . . . , ω in are the weights of the S 1 -representation on
Now let (M, ω) be a compact symplectic manifold of dimension 2n endowed with a Hamiltonian S 1 -action. In [12] , Kirwan proves important properties of the equivariant cohomology ring of this space. For the case that M has the same cohomology groups as CP n , Tolman [16] uses these properties and gives an explicit basis for the equivariant and ordinary cohomology rings in terms of the fixed point data and the (equivariant) first Chern class. The following lemma contains results of [16, Section 3] . Lemma 2.3. Let (M, ω, ψ) be a Hamiltonian S 1 -space of dimension 2n with exactly n + 1 fixed points. For i = 0, . . . , n, let P i be the unique fixed point with exactly i negative weights. We denote by Γ i the sum of all weights at P i and by Λ − i the product 4 of all negative weights at P i . Then the following holds: A generator of H 2i (M; Z) = Z is given by
Moreover, for i, j ∈ {0, . . . n} we have Γ i > Γ j if and only if i < j.
Remark 2.4. Let (M, ω, ψ) be a Hamiltonian S 1 -space of dimension 2n with n + 1 fixed points. Then M has the same (co-)homology groups as CP n . Moreover, the ring structure of H * (M; Z) can be easily recovered from the fixed point set data by using the results of Lemma 2.3.
The discussion in this remark, together with the results in Theorem 1.6, have the following straightforward consequence.
Corollary 2.5. Let (M, ω, ψ) be a Hamiltonian S 1 -space of dimension 2n which satisfies the hypotheses of Theorem 1.6. Then M has the same integer cohomology ring as CP n .
This corollary is the key ingredient of the proof of Theorem 1.7.
3 Note that the signs of the individual weights are not well-defined, but the sign of their product is. 4 The empty product Λ − 0 is equal to 1.
Toric One-Skeletons
In this section we review some material, which we adapt from [6] and [7] . Let (M, ω, ψ) be a Hamiltonian S 1 -space with fixed point set M S 1 = {P 0 , . . . , P N }. We denote the weights at the fixed point P i by ω i1 , . . . , ω in (repeated with multiplicity). The multiset of positive weights W + (resp. negative weights W − ) associated to (M, ω, ψ) is the multiset
The next lemma is the key ingredient behind the definition of a toric 1−skeleton. · The edge set is E = {e ik ; ω ik ∈ W + } , such that e ik is the oriented edge from P i to P j , where f (ω ik ) = ω jl . · We label this graph by w : E → Z >0 , where w sends an edge e = e ik to the weight w(e) = ω ik . We call w the weight map.
Definition 2.8. Let (M, ω, ψ) be a Hamiltonian S 1 -space. We say (M, ω, ψ) admits a toric 1-skeleton if there exists an oriented graph Γ = (V, E) associated to (M, ω, ψ) satisfying the following property:
For each oriented edge e ∈ E from P i to P j , labeled by w(e) ∈ Z >0 , there exists a smoothly embedded, symplectic, S 1 -invariant 2-sphere fixed by Z w(e) . Moreover, S 1 acts on this 2-sphere with fixed points P i and P j and w(e) resp. − w(e) is the weight at S 1 -representation at P i resp. P j .
Let Γ = (V, E) be such a graph and for each e ∈ E let S e be a 2-sphere satisfying the properties above. Then S = {S e | e ∈ E} is a toric 1-skeleton of (M, ω, ψ) associated to Γ. Moreover, the equivariant pseudo-index of S is defined as
5 The symbol denotes the union of multisets.
The importance of introducing the concept of toric 1-skeletons relies in the following. The class in homology of the toric 1-skeleton is the Poincaré dual of the Chern class c n−1 (M) ∈ H 2n−2 (M; Z) [7, Lemma 4.13] .
The following corollary of Proposition 2.9 gives us relations between the Betti numbers of M and the equivariant pseudo-index. 
M (S).
Consider the integer C(ρ, n, b), defined as,
It is non-negative and vanishes if and only if c 1 [S] = ρ for all S ∈ S.
Proof. The cardinality of S is equal to
is non-negative and it is zero if and only if c 1 [S] = ρ for all S ∈ S. For k odd b k is equal to 0 and the Poincaré duality implies b 2k = b 2(n−k) , so
since S is Poincaré dual to the Chern class c n−1 . By using Proposition 2.9 we conclude that (1) is equal to C(ρ, n, b) and the claim follows.
Upper Bounds for the Equivariant Pseudo-Index
In this section we prove upper bounds for the equivariant pseudo-index of a toric 1-skeleton.
Lemma 3.1. Let (M, ω, ψ) be a Hamiltonian S 1 -space of dimension 2n which admits a toric 1-skeleton S. Then the equivariant pseudo-index ρ
Proof. Let M S 1 = {P 0 , . . . , P N } be the set of fixed points, where P 0 resp. P N is the minimum resp. the maximum of the moment map ψ.
For any i = 0, . . . , N let Γ i be the sum of the weights at the fixed point P i and let λ i be the number of negative weights at the fixed point P i . Note that λ 0 = 0, λ N = n and 0 < λ i < n for i = 0, N. Now let W + resp. W − be the multiset of all positive resp. negative weights of the S 1 -action. We set α = max {ω ij | ω ij ∈ W + }. By Lemma 2.6 we have −α = min {ω ij | ω ij ∈ W − }.
Moreover, there exists a fixed point P k ∈ M S 1 such that α is a weight at P k . Let S be the corresponding 2-sphere in the toric 1-skeleton S, i.e. S 1 acts on S with fixed points P k and P j and α resp. −α is the weight of the S 1 -representation on T P k S resp. T P j S. The ABBV formula gives us
and the claim follows.
Recall the definition of the index of an almost complex manifold. In [15] , Sabatini proves the following result. Obviously, the equivariant pseudo-index of a toric 1-skeleton must be a multiple of the index. Thus, from Lemma 3.1 and Proposition 3.3 we obtain the following corollary.
Corollary 3.4. Let (M, ω, ψ) be a Hamiltonian S 1 -space of dimension 2n which admits a toric 1-skeleton S with equivariant pseudo-index ρ
Moreover, if we assume that the vector of even Betti numbers of M is unimodal, we obtain a stronger upper bound for the equivariant pseudo-index (see Proposition 1.4). The proof of this proposition is very similar to that of [7, Corollary 5.8] and it is recalled here for the sake of completeness.
Proof of Proposition 1.4. Let (M, ω, ψ) be a Hamiltonian S 1 -space of dimension 2n which admits a toric 1-skeleton S with equivariant pseudo-index ρ := ρ 
and note that
Now assuming that ρ > n + 1 and that the vector of even Betti numbers is unimodal, i.e.
Thus C(ρ , n, b) < 0 if the vector of even Betti numbers of M is unimodal and ρ > n+1. This contradicts Corollary 2.10.
The Weights: Proof of Theorem 1.6
In this section we prove Theorem 1.6.
The following corollary follows from Corollary 2.10. The proof is very similar to the one of [7, Corollary 5.7 and 5.8].
Corollary 4.1. Let (M, ω, ψ) be a Hamiltonian S 1 -space of dimension 2n, which admits a toric 1-skeleton S with equivariant pseudo-index ρ S 1 M (S) = n + 1. Assume that n ≤ 5 or that the vector of even Betti numbers of M is unimodal. Then M has the same Betti numbers as CP n .
In order to describe the S 1 -representations on T M | M S 1 of a Hamiltonian S 1 -space that satisfies the assumptions of Theorem 1.6 we use ideas from Hattori's work [10, Section 3 and 4]. However, the existence of a toric 1-skeleton simplifies the proof (see Remark 4.5). Proof. If M has the same Betti number as CP n , then C(ρ = n + 1, n, b) = 0. Hence, Corollary 2.10 implies that c 1 [S] = n + 1 for all S ∈ S. Lemma 4.3. Let (M, ω, ψ) be a Hamiltonian S 1 -space of dimension 2n. Suppose that (M, ω, ψ) admits a toric 1-skeleton S with equivariant pseudo-index ρ S 1 M (S) = n + 1 and that M has the same Betti numbers as CP n . For i = 0, . . . , n we denote by P i the unique fixed point with exactly i negative weights and we denote by Γ i the sum of all weights at P i . Under these assumptions, there exist integers a 0 > · · · > a n and d, such that
Moreover, we have
Proof. (c.f.[10, Lemma 3.19]) First we show that n + 1 is a divisor of Γ i − Γ 0 for all i = 1, 2, . . . , n. Then we can choose a 0 = 0 and d = Γ 0 . Hence, a i is given by
, and
Now we show that n + 1 is a divisor of Γ i − Γ 0 by induction. Consider the fixed point P 1 with one negative weight. Let m be the negative weight at P 1 and let S ∈ S be the corresponding 2-sphere in S, i.e. S 1 acts on S with fixed points P 1 and P j and m resp. −m is the weight of the S 1 -representation at P 1 resp. P j , (where P j is a fixed point of the S 1 -action on M). Then the ABBV formula gives us
By Corollary 4.2, we have c 1 [S] = n + 1. So n + 1 is a divisor of
Since m is negative, we have Γ 1 − Γ j < 0. So j must be 0 and n + 1 is a divisor of Γ 1 − Γ 0 . Now assume that n + 1 is a divisor of Γ i − Γ 0 for all i = 1, 2, . . . , j and j < n. Consider the fixed point P j+1 with j + 1 negative weights. With the same argument as above it follows that n + 1 is a divisor of Γ j+1 − Γ i for some i = 0, 1, . . . , j. Hence, n + 1 is a divisor of Γ j+1 − Γ 0 . The first claim follows. Now let us fix integers a 0 , a 1 , . . . , a n and d such that Γ i = (n + 1)a i + d. By Lemma 2.6, we have 0 = 
belongs to the Laurent polynomial ring Z [t, t −1 ] for each i = 0, . . . , n. , we could already conclude that the weights at the fixed points P i are given by {a i − a j } j =i . However, in the setting of Theorem 1.6 we can simplify the proof of Hattori. The key point for this is the following easy corollary of Lemma 4.3.
Corollary 4.6. Assume that the hypotheses of Lemma 4.3 hold. Let us fix integers a 0 > · · · > a n , such that
If m is a weight at the fixed point P i , then m = a i − a k for some k = i and −m = a k − a i is a weight at the fixed point P k .
Proof. Let P i be a fixed point and m be a weight at P i . Consider the corresponding 2-sphere S ∈ S. P i is a fixed point of the S 1 -action on S. Let P k be the second fixed point of the S 1 -action on S, so −m is a weight at P k . By Corollary 4.2, we have c 1 [S] = n + 1. From the ABBV formula it follows
Hence, n + 1 = (n + 1)
Now we can prove Theorem 1.6.
Proof of Theorem 1.6. Let (M, ω, ψ) be a Hamiltonian S 1 -space of dimension 2n which admits a toric 1-skeleton S with equivariant pseudo-index ρ S 1 M (S) = n + 1. We assume that n ≤ 5 or that the vector of even Betti numbers of M is unimodal. By Corollary 4.1, M has the same Betti numbers as CP n . So for i = 0, . . . , n we denote by P i the unique fixed point with exactly i negative weights and we denote by Γ i the sum of all weights at P i . By Lemma 4.3, there exist integers a 0 > · · · > a n , such that Γ i = n j=0 (a i −a j ). Moreover, if a i − a j is a weight at P i , then a j − a i is a weight at P j by Corollary 4.6. Now we prove by induction over the fixed points, that the set of weights at the fixed point P i coincides with {a i − a j } j =i , i.e. the S 1 -representations at the fixed points are the same as those of a standard S 1 -action on CP n . Consider the situation at the minimum P 0 of ψ. All weights ω 0,1 , . . . , ω 0,n at P 0 are positive and a 0 − a j is positive for j = 0. Hence,
is a rational function with ϕ 0 (0) = 1. By Lemma 4.4 ϕ 0 is also a Laurent polynomial. Thus, ϕ 0 is an ordinary polynomial. Since the numerator and denominator of ϕ 0 (t) are both polynomials of degree n j=1 (a 0 − a j ) = Γ 0 = n k=1 ω 0k , we must have that ϕ 0 is constant. In particular, the numerator and denominator of ϕ 0 (t) have the same roots in C. This implies {ω 01 , . . . , ω 0n } = {a 0 − a j } j =0 . Now assume that the claim holds for the fixed points P 0 , . . . , P i−1 . By Corollary 4.6 it follows that the negative weights at P i are given by a i − a 0 , a i − a 1 , . . . , a i − a i−1 . So let ω i1 , . . . , ω in be the weights at P i . Without loss of generality we can assume that ω ik = a i − a k−1 for k = 1, . . . , i. Hence, ω i(i+1) , . . . , ω in are the positive weights at P i . Moreover, we have
and
Since a i − a j > 0 and ω ij > 0 for j ≥ i + 1, we have ϕ i (0) = 1. Moreover, by Lemma 4.4, ϕ i is a Laurent polynomial. So (3) and ϕ i (0) = 1 imply that ϕ i is constant. Hence, we have {a i − a j } j≥i+1 = {ω ij } j≥i+1 and the claim follows.
5 The Homotopy Type: Proof of Theorem 1.7
In this section we prove Theorem 1.7. Given a Hamiltonian S 1 -space (M, ω, ψ), which satisfies the conditions of Theorem 1.7, Theorem 1.6 implies that the moment map ψ : M → R is a perfect Morse function with exactly one critical point of index 0, 2, . . . 2n. So Morse Theory (see [13] ) implies that M is homotopy equivalent to a CW-complex with exactly one cell in dimension 0, 2, . . . , 2n. Moreover, M has the same integer cohomology ring as CP n by Corollary 2.5.
Thus, in order to prove Theorem 1.7, we need to show that a CW-complex with exactly one cell in dimension 0, 2, . . . , 2n and no cells of other dimensions, which has the same integer cohomology ring as CP n , is also homotopy equivalent to CP n . This is the content of Theorem 5.2, which concludes this section. is an isomorphism for all i. Then f is a homotopy equivalence.
A proof of the Whitehead Theorem and of Corollary 5.1 can be found in [9] . Moreover, let X be a CW-complex and Y a connected space. If the k-th homotopy group π k (Y ) of Y is trivial, then any continuous map X k → Y extends to a continuous map X k+1 → Y , where X k resp. X k+1 is the k-resp. (k + 1)-skeleton of X (see [9, Lemma 4.7] ). Theorem 5.2. Let X be a CW complex with exactly one cell in dimension 0, 2, 4, . . . , 2n and no cells of other dimensions. If X has the same integer cohomology ring as CP n , then the spaces are homotopy equivalent.
Proof. Consider the 2-skeleton X 2 of X. It is a CW-complex with just one 0-cell and one 2-cell, hence it is homeomorphic to the the 2-sphere S 2 . Let ϕ : X 2 → CP 1 ∼ = S 2 be a homotopy equivalence and i : CP 1 → CP n the inclusion 6 . Since the homotopy groups π k (CP n ) are trivial for k = 3, 4, . . . , 2n, the map i • ϕ : X 2 → CP n admits an extension f : X → CP n . The diagram 6 We identify CP 1 with the subset of CP n consisting of the points of the form [z 0 , z 1 , 0, . . . , 0].
